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Maximum-Utility Scheduling of Operation Modes
With Probabilistic Task Execution Times
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Abstract—We propose a novel scheduling scheme that deter-
mines the instant operation modes of multiple tasks. The tasks
have probabilistic execution times and are executed on discrete
operation modes providing different utilities with different en-
ergy consumptions. We first design an optimal offline scheduling
scheme that stochastically maximizes the cumulative utility of the
tasks under energy constraints, at the cost of heavy computational
overhead. Next, the optimal offline scheme is modified to an ap-
proximate online scheduling scheme. The online scheme has little
runtime overhead and yields almost the maximum utility, with an
energy budget that is given at runtime. The difference between
the maximum utility and the output utility of the online scheme
is bounded by a controllable input value. Extensive evaluation
shows that the output utility of the online scheme approaches the
maximum utility in most cases, and is much higher than that of
existing methods by up to 50% of the largest utility difference
among available operation modes.

Index Terms—Approximate scheduling, energy constraint,
maximum utility, optimal scheduling, probabilistic execution time.

I. INTRODUCTION

FOR battery-operated mobile devices, energy management
is an issue of paramount importance. Numerous studies

[1]–[5] have been conducted to reduce the operational energy
consumption of devices and thereby extend the battery lifetime
while satisfying the required performance. However, there has
been a dearth of works accommodating performance degrada-
tion for the purpose of completing the given task. In many tasks
on mobile devices, such flexibility could be of considerable
value. On mobile Internet Protocol Television (IPTV) devices,
for instance, completing a low-quality broadcast of live sports
is usually preferable to sudden termination of a high-quality
broadcast due to lack of available energy [6]. Attempting to
reduce the energy consumption without performance degrada-
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tion, as in the aforementioned schemes, has a more limited
solution space that can lead to invaluable loss of output quality,
i.e., unexpected task abortion caused by depletion of battery
energy. Thus, we are motivated to develop an energy manage-
ment scheme that maximizes the system performance while
sustaining the battery lifetime for the specified duration.

In the considered systems, tasks choose one of the energy-
aware operation modes and can change to another operation
mode at any time. Each of the energy-aware operation modes
provides a different utility with corresponding energy con-
sumption. Representative platforms of energy-aware operation
modes are energy-aware networking [1], [7], adaptive speed
control of motors [8], [9], and CPU voltage and frequency
scaling [10], [11]. When the network card, the motor, and
the CPU operate with higher energy consumption, they yield
superior performance, i.e., transmission of larger images, faster
motor revolutions, and faster CPU processing, respectively. In
this paper, these performance metrics are quantified via utility.
If tasks are executed in an energy-aware operation mode with
a higher utility, the battery is consumed at a faster rate and
vice versa. In this setting, we investigate how to maximize the
cumulative utility obtained from tasks under the constraint of
sustaining the energy supply until their completion.

The completion times of most multimedia tasks such as
streaming services of IPTV [6] and search and rescue of mobile
robots [12] are usually not predictable. This uncertainty makes
it difficult to specify the execution time of tasks and determine
the optimal energy consumption rate (i.e., the energy-aware
operation mode). The most conservative model for dealing with
the unpredictability of the execution time is to adopt the worst-
case execution time. However, this approach may result in
severely inefficient utilization of resources, because the worst-
case execution time is usually set to be sufficiently large to
support unexpectedly long execution cases. As an alternative,
our method exploits the probabilistic execution time to deter-
mine an appropriate energy-aware operation mode at each in-
stant. The proposed method assigns higher utility higher energy
operation mode to those parts of the task that are more likely
to be executed.

As an application example of the proposed idea, consider a
Major League Baseball game played on a mobile IPTV device.
The playing times of baseball games are between 2 and 4 h in
most cases, but rarely exceed four h with the worst-case time of
about 8 h. Then, the estimated probability of continuing a game
is 100% for 2 h, decreases beyond 2 h with time, and eventually

0278-0070/$26.00 © 2009 IEEE



1532 IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 28, NO. 10, OCTOBER 2009

falls to 0% at 8 h. Given a limited budget of battery energy, the
proposed method assigns a high-resolution MPEG-4 streaming
mode [2], [13] for 2 h, and gradually changes it to lower
resolution modes with progressed running time. Even though
the later processing parts provide lower resolution when being
executed, they are rarely performed due to their low probability.
This stochastic approach provides a larger accumulation of
mean resolution obtained for the worst execution time than
assigning a fixed median-resolution mode for the worst time.

Some previous studies [14]–[17] have considered the control
mechanisms for sustaining the energy supply for a specified
duration. They assigned a fixed operation mode whose total
energy consumption for the specified duration is no larger than
a given energy budget. However, these studies only considered
the energy management of tasks with a fixed execution time,
i.e., the worst-case execution time, without considering tasks
with a wide range of execution times. A few studies on real-time
scheduling [10], [11], [18]–[21] have considered the stochastic
approach for exploiting the probability distribution of task
execution times. However, these studies pursued a different
goal on different environments, i.e., minimizing the energy
consumption of CPU while meeting the deadlines of real-
time tasks. In contrast, this paper addresses the problem of
maximizing the total utility of multiple tasks while sustaining
the energy supply until the worst execution time.

The contribution of this paper is twofold. The first contribu-
tion is to design an optimal scheduling scheme that theoretically
solves the problem of maximizing the total mean utility of
multiple tasks under energy constraints, where the tasks have
probabilistic execution times and are executable on a set of
discrete energy-aware operation modes. The derived optimal
scheduling scheme is useful for offline processing, but imprac-
tical for online processing, due to its heavy computational over-
head. Hence, as the second and main contribution, we propose
an approximate online scheduling scheme that operates with
little runtime overhead and yields almost the maximum utility.
The approximate online scheme is implemented in a semistatic
manner, where candidate solutions are prepared at compile time
and one of them is selected at runtime in accordance with the
given energy budget. The online scheme can adjust its output
quality and runtime overhead with a controllable input value
that sets a bound on the difference between the output utility
and the maximum utility. Both the optimal offline scheme and
the approximate online scheme guarantee that the minimum-
energy supply will be sustained until the worst execution time
without energy depletion.

Our extensive evaluation shows that the output utility of the
online scheme approaches the maximum utility of the optimal
offline scheme in most cases, and is much higher than that of the
existing methods [14], [15] assigning the same operation mode
for the worst execution time. In the best case, the online scheme
increases the output utility of the existing methods by 50%
of the largest utility difference among the available operation
modes.

The rest of this paper is organized as follows. Section II pro-
vides the preliminary knowledge facilitating the understanding
of the proposed method, and formulates the problem tackled
in this paper. Section III describes the optimal offline scheme

and Section IV describes the approximate online scheme in
detail. Section V evaluates the proposed online scheme through
extensive simulations. Section VI reviews the related prior
work, and Section VII finally concludes this paper.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Energy-Aware Operation Mode and Battery Lifetime

Not surprisingly, empirical studies [1], [5], [14], [22] show
that component devices can run on disparate operation modes
and yield better performance on the operation mode consuming
higher energy. The power dissipation of wireless LAN cards is
linearly proportional to the size of transmitted packets [22]; the
power dissipation of an IEEE 802.11 PC Card is “1.9 × the
size of transmitted packet (μW · sec/byte7) + 456 (μW · sec)”
for point-to-point sending. The power dissipation of dynamic
voltage and frequency scaling (DVFS)-enabled CPU is expo-
nentially proportional to the clock frequency (processing speed)
[10], [11]; the power dissipations of the XScale processor are
80 mW for 150 MHz, 400 mW for 600 MHz, and 1600 mW
for 1000 MHz. The power consumption (energy consumption
rate) of the operation modes regularly fluctuates around a fixed
average.

Essentially, there is a tradeoff between the power consump-
tion and the performance of device’s operation modes such as
network cards, motors, display screens, and memories. Fine-
granular-scalability (FGS) video coding [2], [13] changes the
size of transmitted images per second. Adaptive motor control
[8], [9] scheme changes the moving speed of mobile robots.
Adaptive forward error correction (FEC) [23] scheme changes
the resiliency to errors. Power-aware backlight scaling [24]
scheme changes the brightness of the display screen. Power-
aware page allocation [25] and adaptive disk spin-down [26]
schemes change the average access time of the memories.

In this paper, the aforementioned performances of compo-
nent devices are associated with the notion of utility. We assume
that the utility values corresponding to the operation modes of
each device are inherently given. For the preference discrim-
ination of disparate devices or tasks, weights are assigned to
the utility values of their operation modes by the user or the
system administrator. In addition, in order to make the model
more realistic, we consider a finite set of discrete operation
modes rather than infinite continuum of modes. When multiple
component devices are manipulated by a task, combinations
of the corresponding operation modes are handled as a set of
available operation modes [27].

Several tools have been developed to allow the operating
system (OS) to accurately measure the energy consumption
rates for disparate operation modes, such as PowerScope [14],
Advanced Power Management, Advanced Configuration and
Power Interface, PCCextend 140 CardBus extender [22], and an
application-level tool [28]. The lifetime prediction techniques
[29], [30] enable OS to estimate the residual lifetime of a
battery based on the energy consumption rate of running tasks
and the available energy in the battery. To manage the residual
battery lifetime for a given finite temporal horizon, OS can
determine the energy consumption rate maximally allocatable
to the execution of tasks [14], [15].
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Fig. 1. (a) Probability distribution of task completion times. (b) Tail cumula-
tive distribution of (a).

B. Probabilistic Execution Time

For simplicity and safety, battery-operated systems could be
designed to schedule tasks according to their worst execution
time, i.e., to evenly distribute available energy over the worst
execution case. However, this would lead to unnecessarily low
utility in the case where the execution time is shorter than the
worst case. Indeed, tasks can have a wide range of execution
times, due to the diversity of input data or disparate user
requests about them [11], [31], [32]. On the other hand, task
scheduling schemes tailored to the average execution times are
likely to incur untimely energy depletion, in the case where the
task completion time approaches the worst case.

To overcome this problem, we propose exploiting the prob-
ability distribution of task execution times. The distribution
could be derived from statistical models of the variation
sources, online profiling, or offline profiling [10], [11]. Fig. 1(a)
shows a probability distribution example of task completion
times, and Fig. 1(b) shows the tail cumulative distribution of the
probability shown in Fig. 1(a). When the probability at time t is
denoted as Ct in Fig. 1(a), its tail cumulative probability at time
t is (1 −

∫ t

0 Cxdx) in Fig. 1(b). Henceforth, we denote this tail
cumulative probability at time t as Pt, where the task execution
time is not affected by the operation modes.1 In other words,
Pt is the probability that the task is still running at time t. Note
that Pt1 ≥ Pt2 for t1 < t2, because the cumulative distributions
of all probability functions are nondecreasing and thus their tail
distributions are nonincreasing.

C. System and Task Models

Given tasks with arrival times and execution order, the
designed scheduler determines the instant operation mode of
devices manipulated by each task. The given tasks may run
concurrently, have a precedence of execution, or have different
arrival times. Their exact execution times are unknown un-
til completing the execution, but their probabilistic execution
times are known in advance. The scheduler decides the instant
operation modes from the task starting points. Fig. 2 shows an
operating example of the scheduler, where task 1 and task 2 start
their execution from their arrival times and task 3 starts its

1Where the operation modes affect the task execution time but not the
task computation amount; probabilistic computation amount is used instead of
probabilistic execution time. For example, in DVFS operation modes, Pc is
used to formulate the probability of the cth CPU computation cycle required
for processing a task, where the total CPU computation cycles are fixed but the
execution speed depends on the CPU clock frequency. In this paper, we exclude
the operation mode that changes both the execution speed and the computation
amount per unit time.

Fig. 2. Operating example of the proposed scheduler.

execution upon the completion of task 1. The tasks manipulate
one or more component devices for their execution, and are exe-
cutable on a finite set of operation modes that is the combination
set of available operation modes of the manipulated devices.
Each device works for one task at a time, and sequentially
for multiple tasks. Based on the progressed running time, the
scheduler changes the operation modes of manipulated devices
that work independently from the operation modes of other
devices.

In this paper, we do not consider arrivals of unexpected
tasks and changing the operation mode of a dependent device
that is affected by the operation modes of other devices. We
also ignore the energy consumption of the dormant operation
mode, where devices are deactivated, and the energy overhead
required to activate and deactivate devices.2 The following
notations are used to denote the parameters of given tasks and
available energy.
Oi

j jth operation mode of the ith task.
Fr(Oi

j) = Ri
j Power consumption (energy consumption rate)

of the operation mode Oi
j .

Fu(Oi
j) = U i

j Utility of the operation mode Oi
j .

N i Number of operation modes available for the
ith task.

πi
n Transition time from Oi

n to Oi
n−1.

P i
t Probability that the ith task is still running at

time t.
W i Worst execution time of the ith task.
Emax Available energy budget.
Ei Energy budget allocated to the ith task among

Emax.
If Fr(Oi

x) < Fr(Oi
y) but Fu(Oi

x) ≥ Fu(Oi
y) for any x and y,

the operation mode Oi
y is excluded due to its inefficiency. The

available operation modes of each ith task are sorted in increas-
ing order of their energy consumption rates (or utility values)
and denoted as Oi

1 = [Fr(Oi
1),Fu(Oi

1)]=[Ri
1, U

i
1], . . . , O

i
Ni =

[Fr(Oi
Ni),Fu(Oi

Ni)] = [Ri
Ni , U i

Ni ]. Time notations πi
n, t, and

W i denote the elapsed times from the task starting points.
In the considered system, the information about P i

t , W i, and
Oi

j of all tasks is given to the scheduler in advance. The value of
Emax, denoting the residual energy of a battery, is dynamically
given at runtime. The considered system can change the running
operation mode at any time, where the continuous time are

2The energy consumption of the dormant mode for the maximum duration
is subtracted from the available energy budget, and energy consumptions of
energy-aware operation modes are replaced with their energy differences from
the dormant mode. In addition, a portion of available energy is reserved for
activating and deactivating devices.
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approximated with fine-grain discrete values. For convenience,
we handle the fine-grain time values with natural numbers
through unit conversion, e.g., 23.000001 s → 23 000 001 μs.

D. Problem Formulation of Task Scheduling

The problem handled in this paper is to determine the instant
operation mode of M tasks with probabilistic execution times,
to maximize the total cumulative mean utility while sustaining
the energy supply until the worst execution time with a given
energy Emax. Energy consumption and output utility of a task
depend only on its instant operation mode, but not on those
of other tasks. The remaining issues are how to distribute the
available energy to the M tasks and how to use the distributed
energy as a function of t and P i

t .
Let SOi

t denote the selected operation mode that will run at
time t for the ith task, where SOi

t ∈ {Oi
1, . . . , O

i
Ni}. Then, the

problem of maximizing the cumulative mean utility of a single
task without energy depletion for the worst execution time can
be formulated as follows:

Maximize

W i∫
0

Fu

(
SOi

t

)
· P i

t dt

subject to

W i∫
0

Fr

(
SOi

t

)
dt ≤ Emax. (1)

The extended problem for the M tasks can be formulated as
follows:

Maximize
M∑
i=1

W i∫
0

Fu

(
SOi

t

)
· P i

t dt

subject to
M∑
i=1

W i∫
0

Fr

(
SOi

t

)
dt ≤ Emax. (2)

A derived solution determines SOi
t for each i and 0 ≤ t ≤ W i.

In other words, it determines the starting and ending times of
each operation mode.

To provide at least the minimum utility U1 for the worst
execution time, it is necessary to give more than a lower energy
bound, i.e., Emax ≥

∑M
i=1 Ri

1 · W i. Henceforth, we consider
the case of Emax ≥

∑M
i=1 Ri

1 · W i and refer to a schedule
producing the maximum utility as Optimal Schedule.

III. OPTIMAL OFFLINE SCHEDULING SCHEME

In this section, we first find an Optimal Schedule of a single
task and, next, exploit it to derive an Optimal Schedule of
multiple tasks.

A. Optimal Schedule of a Single Task

The Optimal Schedule has the following properties, formally
proved in Appendix.

Lemma 1: The Optimal Schedule excludes the opera-
tion mode Oy such that (Uy − Ux)/(Ry − Rx) < (Uz − Uy)/
(Rz − Ry) for any Rx < Ry < Rz (and Ux < Uy < Uz).

Lemma 2: In an Optimal Schedule, Fu(SOt1) ≥ Fu(SOt2)
and Fr(SOt1) ≥ Fr(SOt2) for any 0 < t1 < t2 ≤ W .

By Lemma 1, we hereafter discard the operation modes
whose utility values are not in accordance with the concave
function of their energy consumption rates. Then, the utility is
a concave function of the energy consumption rate, i.e., (Un −
Un−1)/(Rn − Rn−1) ≥ (Un+1 − Un)/(Rn+1 − Rn) for any
2 ≤ n ≤ (N − 1). By Lemma 2, we consider only the tran-
sitions from high-utility operations to low-utility operations.
Lemma 2 means that 0 ≤ πn ≤ πn−1 ≤ W for any 2 ≤ n ≤ N
in an Optimal Schedule, where πn is the transition point from
On to On−1. Then, (1) can be reformulated as follows:

Maximize UN ·
πN∫
0

Ptdt + UN−1 ·
πN−1∫
πN

Ptdt

+ · · · + U1 ·
π1∫

π2

Ptdt

subject to RN · πN + Ri
N−1 · (πN−1 − πN )

+ · · · + Ri
1 · (π1 − π2) ≤ Emax (3)

where π1 = W to support at least the minimum utility U1 for
the worst time, and πn = 0 or πn = πn+1 if On is not used.

If we know the values of all πns, we can directly obtain the
Optimal Schedule. Unfortunately, however, the values of πns
for n ≥ 2 depend on the given Emax. In order to find the values
of πns, we first examine the relationship among the values of
πns and, next, exploit it to obtain the values of πns associated
with the value of Emax. The following Theorem 1, proved in
Appendix, verifies the relationship among the values of πns
for n ≥ 2.

Theorem 1: The values of πns in an Optimal Schedule obey
the following relationship:

Pπx
· Ux − Ux−1

Rx − Rx−1
= Pπy

· Uy − Uy−1

Ry − Ry−1

2 ≤ x < y ≤ N such that W ≥ πx > πy > 0.
From a fixed value π2, we can calculate deterministic values

of π3, . . . , πN satisfying the relationship in Theorem 1. Exhaus-
tive searching of π3, . . . , πN from π2 = 1 to π2 = W enables
us to find the exact πns matching Emax. The procedure for
finding πns works as follows. Initially, it assigns π2 = 1 and
searches for the time point πn such that

Pπn
= Pπ2 ·

U2 − U1

R2 − R1
· Rn − Rn−1

Un − Un−1
, for 3 ≤ n ≤ N.

Because 0 ≤ Pπn
≤ 1 by the definition of Pt, the value of

πn such that Pπn
> 1 is set to zero. It calculates the energy

consumption of the searched schedule and compares it with the
given energy Emax. If the energy consumption of the searched
schedule is smaller than the given energy, it increases the value
of π2 and again searches for the time point πn for n ≥ 3. If
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π2 = W but the energy consumption is still smaller than the
energy budget, it increases the value of π3 after fixing π2 to
W and searches for the remaining time point πn for n ≥ 4.
Similarly, if πj = W but the energy consumption is still smaller
than the given energy, it increases the value of πj+1 instead of
πj . This process is repeated until the energy consumption of the
searched schedule is equal to Emax.

The computational time complexity of the aforementioned
procedure is O(N · (log2 W )2) in the average case. If the
energy consumption when π2 = W is smaller than Emax, the
replacement of the base value π2 with πj such that j > 2 is
repeated at most (N − 2) times until the energy consumption
when πj = W is larger than Emax. With a base value of πj , the
bisectional search operation of the remaining time point πn sat-
isfying the relationship in Theorem 1 requires O(log2 W ) steps
for each j < n ≤ N . When the base value of πj is selected
in a bisectional manner,3 the selection operation of the fixed
πj is repeated at most O(log2 W ) times. Then, O((N − 2) ·
log2 W + N · log2 W · log2 W ) = O(N · (log2 W )2).

B. Optimal Schedule of Multiple Tasks

Given P i
t , Oi

js, and W i, the exhaustive search procedure
described in Section III-A can derive the maximum of (3),
which depends only on the distributed energy Ei. If we can
obtain the maximum of (3) for any energy Ei, the result of (2)
is entirely dominated by the decision on how to distribute the
energy Emax to the M tasks. When Ψi denotes the maximum
utility derived from (3) with energy Ei, (2) can be reformulated
as follows:

Maximize
M∑
i=1

Ψi subject to
M∑
i=1

Ei ≤ Emax. (4)

As the allocated energy Ei increases, the utility Ψi increases,
but the utility increment per unit energy Ψi/∂Ei decreases by
Lemma 3 in Appendix. In this case, we can apply the Lagrange
Multiplier method [33] to obtain the solution to (4). Then

L(E1, . . . , EN , λ) =
M∑
i=1

Ψi + λ ·
(

Emax −
M∑
i=1

Ei

)

∂L

∂λ
=Emax −

M∑
i=1

Ei = 0

∂L

∂Ek
=

Ψk

∂Ek
− λ = 0, for 1 ≤ k ≤ N.

The aforementioned equations verify that the maximum of
(4) occurs when

∑M
i=1 Ei = Emax and the values of Ψi/∂Ei

for 1 ≤ i ≤ N are equal to the largest. In other words, (4)
maximizes the total utility increments gained with the allocated
energy Eis. The maximum of (4) is achieved by incrementally
allocating an additional unit energy to the task providing the
largest utility increment with the additional unit energy.

3A more specific procedure for searching for the values of πs in a bisectional
manner is described in Section IV-A.

To provide at least the minimum utility until the worst
execution time, Ri · W i is initially assigned to each Ei. A
numerical procedure can distribute (Emax −

∑
Ri

1 · W i) to the
M tasks, to maximize the total utility increments obtained with
the remaining energy (Emax −

∑
Ri

1 · W i). It calculates the
utility increment of each task when allocating the remaining
energy evenly to all tasks (calculating the utility increment of
the additional energy (Emax −

∑M
i=1 Ei)/M for each task).

Next, it selects the task having the largest utility increment and
actually allocates the additional energy only to the task. This
process is repeated until all the remaining energy is allocated to
the M tasks. The computational complexity of the numerical
procedure is O(logM/(M−1) Emax ·

∑M
i=1{N i · (log2 W i)2 +

W i}) in the average case. The operation to search for the values
of πns with an increased energy requires O(N i · (log2 W i)2)
steps for each task, as explained in Section III-A. The operation
to calculate the utility increment obtained with the additional
energy requires O(W i) steps for each task. The operations to
search for πns and calculate the utility increment are repeated
O(logM/(M−1) Emax) times, where (1 − (1/M))α · (Emax −∑M

i=1 Ri
1 · W i) � 1.

The aforementioned scheduling scheme to find an Optimal
Schedule is the best for offline processing. However, when
the available energy budget is dynamically given at runtime,
its computational overhead is too heavy to be carried out at
runtime because the worst execution time W i is usually set
to a sufficiently large value. Furthermore, it is preferable to
check the residual battery energy periodically and update the
solution frequently [14], [15], in order to minimize the poten-
tial loss caused by an error in measuring the residual battery
energy. Overestimation of the residual energy prevents the task
from completing its worst-case execution, and underestimation
prevents the task from exploiting more energy resources. In
the next section, therefore, we propose an online scheduling
scheme that operates with acceptable runtime overhead and
provides almost the maximum utility at the cost of a bounded
utility decrease.

IV. APPROXIMATE ONLINE SCHEDULING SCHEME

The proposed online scheme prepares candidate solutions at
compile time and selects one of the solutions at runtime. In
Section IV-A, we explain how to prepare a set of candidate
solutions at compile time. In Section IV-B, we explain how to
select one of the solutions prepared for each task at runtime
in accordance with a dynamically given energy budget. In
Section IV-C, we discuss when to update the scheduling results
with a newly measured energy budget and how to accommodate
the overhead required to change operation modes.

A. Precomputation of Candidate Solutions at Compile Time

When discrete energy values increase by a given ratio, the
online method finds and stores the corresponding maximum-
utility schedules for the runtime selection. The precomputed
schedules are referred to as candidate solutions. To determine
how many candidate solutions are prepared at compile time, we
define an input value of Error Bound and denote it as ε. When
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Fig. 3. (N + 1) solutions found by the coarse-grain partitioning procedure.

candidate solutions are sorted in increasing order of their energy
consumptions and ei

k denotes the energy consumption of the
kth solution for the ith task, the method finds an intermediate
solution until

ei
k+1 − ei

k

ei
k

≤ ε, for each k and i.

The value ε of Error Bound is given by the user or system
administrator, in order to set a bound on the utility difference
between the candidate solution selected at runtime and the
Optimal Schedule derived with the energy given at runtime.

First, the online method finds (N + 1) candidate solutions
that inherently use different subsets of operation modes, which
are shown in Fig. 3. It is easy to find the candidate solution
using only the operation mode O1 with the maximal energy
consumption, which is π1 = W and πn = 0 for n ≥ 2 and
whose energy consumption is e1 = R1 · W . To find the can-
didate solution using only O2 and O1 with the maximal energy
consumption, it exploits the relationship of πns in Theorem 1.
The value of π2 is calculated with π3 = 0 and Pπ3 = 1 such that

Pπ2 ·
U2 − U1

R2 − R1
= Pπ3 ·

U3 − U2

R3 − R2
=

U3 − U2

R3 − R2
.

If π3 = 0, O3, . . . , ON are not used because πj ≤ π3 for j ≥ 3
by Lemma 2. The maximal energy consumption when using
only O2 and O1 is calculated as follows:

e2 = (R2 − R1) · T3,2 + R1 · W

where T3,2 denotes the value of π2 such that Pπ2 = (R2 −
R1)/(U2 − U1) · (U3 − U2)/(R3 − R2). Similarly, the candi-
date solution using the set of On, On−1, . . . , O1 with the max-
imal energy consumption for 2 ≤ n ≤ N is found as follows:

Pπj
= 1 · Rj − Rj−1

Uj − Uj−1
· Un − Un−1

Rn − Rn−1
, for 1 < j < n.

Its energy consumption is

eN =
n∑

j=2

(Rj − Rj−1) · Tn+1,j + R1 · W

where Tn+1,j denotes the value of πj such that Pπj
=

(Rj − Rj−1)/(Uj − Uj−1) · (Un − Un−1)/(Rn − Rn−1).
Particularly, the candidate solution using only ON for the worst
time is found to measure the upper bound of achievable utility.

Fig. 4. Example of fine-grain partitioning procedure. (a) Creating an interme-
diate solution between CS3 and CS4. (b) Determining the transition times of
O4, O3, and O2.

The energy consumption when using only ON for the time W
is eN+1 = RN · W .

These (N + 1) candidate solutions are found for each task.
The kth solution for the ith task is denoted as CSi

k. The energy
consumption of CSk is smaller than that of CSk+1 for 1 ≤
k ≤ N , as shown in Fig. 3. The energy consumption of CSk

is equivalent to the total areas of rectangles with an index no
larger than k in Fig. 3. In CSk such that 2 ≤ k ≤ N , the starting
and ending points of Oj are, respectively, Tk+1,j+1 and Tk+1,j

for 1 < j < k. The procedure to find and store these (N + 1)
candidate solution for each task is referred to as Coarse-grain
Partitioning. The bisectional search operation to find the values
of Tn+1,js for 1 < j < n requires O(N · log2 W ) steps for
each candidate solution.

If (ek+1 − ek)/ek > ε for any k after completing the Coarse-
grain Partitioning procedure, the online method creates more
intermediate solutions between CSk and CSk+1. It creates an
intermediate solution whose energy consumption is roughly
equal to the median energy consumption of two existing ad-
jacent solutions, CSk and CSk+1. As a base value for creating
the intermediate solution, the middle point of any two transition
time points πhs found in CSk and CSk+1 is fixed as the
transition point πh in the created intermediate solution. In the
example of Fig. 4(a), the middle point W/2 of π4 = 0 in
CS3 and π4 = W in CS4 is fixed for the created intermediate
solution. Based on the fixed πh of the intermediate solution, it
searches for the (h − 2) transition points of the other operation
modes Oh−1, . . . , O2, i.e.,

Pπj
=

Rj − Rj−1

Uj − Uj−1
· Uh − Uh−1

Rh − Rh−1
· Pπh

, for 2 ≤ j ≤ (h − 1)

such as shown in Fig. 4(b). The created intermediate solution is
inserted between CSk and CSk+1. The procedure for finding
an intermediate solution is called Fine-grain Partitioning. The
complexity of the Fine-grain Partitioning procedure to search
for at most N transition times in a bisectional manner is
O(N · log2 W ).

To prepare the final set of candidate solutions, the online
method performs the Coarse-grain Partitioning procedure once
and the Fine-grain Partitioning procedure several times4 un-
til (ei

k+1 − ei
k)/ei

k ≤ ε for each k and i. For each candidate

4To find the Optimal Schedule discussed in Section III-A, the Fine-grain Par-
titioning procedure is repeated until the created intermediate solution consumes
the given energy budget.
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solution CSk, the following values are calculated and stored
with the values of ek and πns to guide the runtime decisions.
ψk Output utility of CSk.
φk Ratio of utility increment to additional energy from

CSk−1 to CSk, i.e., φk = (ψk − ψk−1)/(ek − ek−1).
The computation required to find candidate solutions is car-

ried out once at the compilation time. Its computational com-
plexity is O(

∑M
i=1{log(1+ε)(Ri

Ni/Ri
1) · (N i · log2W

i + W i)}).
For each task, the Coarse-grain Partitioning procedure is per-
formed once and the Fine-grain Partitioning procedure is
performed O(log(1+ε) Ri

Ni/Ri
1) times, where (1 + ε)α · Ri

1 ·
W i � Ri

Ni · W i and O(log(1+ε) Ri
Ni/Ri

1) is the number of the
generated candidate solutions. The computational complexities
of the Coarse-grain Partitioning and the Fine-grain Partitioning
procedures are O(N i · log2 W i). The operations to calculate
ek, ψk, and φk of each CSk require O(N i), O(W i), and O(1)
steps, respectively.

The space complexity to store candidate solutions
is O(

∑M
i=1 N i · log(1+ε) Ri

Ni/Ri
1) for all tasks, where

O(log(1+ε) Ri
Ni/Ri

1) is the number of candidate solutions for
each task and each candidate solution CSk stores the values
of ek, ψk, φk and all πns. The space complexity to store the
probability value for each discrete time is O(

∑M
i=1 W i). To

reduce the space complexity, the same probability value for
some period is managed with an interval element. Our method
estimates the probabilistic execution time of a task from the
records of its previous completion times. The previous comple-
tion times of each task are sorted in the ascending order and
stored into an array or linked list. If the xth earliest comple-
tion time is cx among the total A records of the task, the prob-
abilistic execution time is calculated to be Pt=(A − x − 1)/A
for cx−1 < t ≤ cx. Then, the space complexity of storing the
previous completion times into lists is O(

∑M
i=1A

i), where
Ai is the number of recording the previous completion times
for the ith task. Similarly, the computational complexity
O(

∑M
i=1{log(1+ε)(Ri

Ni/Ri
1) · (N i · log2 W i + W i)}) at the

compilation time is replaced with O(
∑M

i=1{log(1+ε)(Ri
Ni/

Ri
1) · (N i · log2 Ai + N i + Ai)}), because there are at most

Ai different values for P i
t and (N i + Ai) different values for

U i
t · P i

t . The number Ai is controllable.

B. Selection of Precomputed Solutions at Runtime

At runtime, the online method selects one candidate solution
per task with the goal of maximizing the total utility of all
selected solutions, subject to the constraint that the total energy
consumption of all selected solutions is no larger than the given
energy budget. To achieve this goal, the method proceeds as
follows. It first selects the first solution CSi

1 of each task. Then,
Ei = ei

1 for each i. Next, it searches for the solution CSm
2

having the largest ratio of utility increment among the next
solutions CSi

2s behind the selected solutions CSi
1s, i.e., φm

2 =
max1≤i≤M{φi

2}. If substituting CSm
2 for CSm

1 does not exceed
the given energy budget, CSm

2 is selected for the mth task.
Otherwise, it searches for the next largest ratio of utility incre-
ment until substituting the searched solution no longer exceeds
the given energy budget. This process of substituting the next

solution having the largest ratio of utility increment is repeated
until any next solution exceeds the given energy budget.

The following pseudocode describes the runtime operation
of the online method, called Approximate Method, where si and
ΔE denote the index of the candidate solution selected for the
ith task and the remaining available energy, respectively. Its
computational complexity at runtime is O(

∑M
i=1log(1+ε)R

i
Ni/

Ri
1), where O(

∑M
i=1 log(1+ε) Ri

Ni/Ri
1) is the number of can-

didate solutions.

Approximate Method
Step 1) Select the first solution CSi

1 of each task, i.e., si ⇐
1 and Ei ⇐ ei

1 for each i, and ΔE ⇐ Emax −∑M
i=1 Ei.

Step 2) Search for the largest ratio φm
sm+1 among all

φi
si+1s. If (em

sm+1 − em
sm) ≤ ΔE, select the solu-

tion CSm
sm+1 for the mth task, i.e., ΔE ⇐ (ΔE −

(em
sm+1 − em

sm)) and sm ⇐ sm + 1.
Step 3) If (em

sm+1 − em
sm) > ΔE, search for the next largest

φl
sl+1 until (el

sl+1 − el
sl) ≤ ΔE. Select the solu-

tion CSl
sl+1 for the lth task, i.e., ΔE ⇐ (ΔE −

(el
sl+1 − el

sl)) and sl ⇐ sl + 1.
Step 4) Repeat Steps 2) and 3) until (ei

si+1 − ei
si) > ΔE for

any i.
Step 5) Assign the selected solutions to the task scheduling.

If there are many candidate solutions, Step 2) of the Ap-
proximate Method may be repeated many times. To reduce the
runtime iterations of Step 2), we can perform Step 2) at compile
time until

∑M
i=1 Ei =

∑M
i=1 Ri

Ni · W i and store the results of
each iteration in a list. At runtime, the scheduler selects one
result from the list, whose energy is the nearest to but no larger
than Emax, in a bisectional manner, and performs only Step 3)
from the selected result.

To measure the utility difference between the Approximate
Method and the Optimal Schedule associated with the energy
Emax, we define Error Ratio as

Ψopt − Ψapp

Ψopt

where Ψopt and Ψapp are the utility values of the Op-
timal Schedule and the Approximate Method, respectively.
Theorem 2 in Appendix shows that the mean Error Ratio is
smaller than the Error Bound ε for any M ≥ 1. The value of
Error Bound given by the user or the system administrator at
compile time controls the tradeoff between the output quality
and overhead of the Approximate Method. If the Error Bound
is decreased, the Approximate Method provides a higher utility
at the cost of larger computational overhead at compile time
and larger memory overhead at runtime.

C. Rescheduling Invocations and Overhead of
Changing Operation Modes

Whenever a task completes its execution much earlier than its
worst execution time, the energy assigned to the task is partially
used. The remainder energy can be exploited to improve the
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utility of other tasks, if some tasks are still running or have not
yet started at that point. The remainder energy is unknown in
advance and dynamically given at the completion point. In the
online method, the scheduler updates the operation modes of
the uncompleted tasks with the increased energy at runtime. In
addition, in order to minimize side-effects of errors in measur-
ing the residual battery energy [14], [15], the scheduler peri-
odically measures the residual energy and updates the instant
operation modes. When Λsch and Dsch denote, respectively, the
extra energy and time delay required to measure the residual
available energy and perform rescheduling, the scheduler in-
vokes the Approximate Method with (Emax − Λsch), to update
the instant operation modes of tasks after time Dsch. There is a
tradeoff between the runtime overhead of rescheduling and the
scheduling accuracy, which is beyond the scope of this paper.

Let us consider the overhead of changing the running op-
eration mode. The extra energy and the time delay required
to change the operation mode On with On−1 are denoted as
Λn,n−1 and Dn,n−1, respectively. In the candidate solution
of the Approximate Method where On, . . . , O1 are used,
its energy consumption ek is replaced with êk = (ek +∑n

j=2 Λj,j−1). The operation modes selected with considera-
tion of the energy overhead might differ from those selected
without the energy overhead. When the nth candidate solu-
tion generated by the Coarse-grain Partitioning procedure uses
On, . . . , O1 with energy consumption en, assigning the en-
ergy Λn+1,n for the additional execution of O2, . . . , On pro-
vides more utility than wasting the energy to replace On+1

with On. If (en +
∑n

j=2 Λj,j−1) < Ei (or Emax) ≤ (en +∑n+1
j=2 Λj,j−1), the operation modes selected with the energy

overhead are O1, . . . , On, whereas those without the energy
overhead are O1, . . . , On+1. The values of πn, . . . , π2 are
increased until matching the replaced energy ên = (en +∑n+1

j=2 Λj,j−1), instead of en.
The time delay Dn,n−1 affects the scheduling results, only

when the utility values of operation modes correspond to the
processing speed. In this case, the output utility ψk when using
On, . . . , O1 is replaced with ψ̂k = (ψk −

∑n
j=2 cu · Dj,j−1)

where cu is a utility coefficient of delay. The utility ψ̂k of a
candidate solution using On, . . . , O1 might be smaller than the
utility when using On−1, . . . , O1 with the same energy budget,
due to the utility loss cu · Dn+1,n wasted when changing On+1

with On. Then, the selected operation modes On, . . . , O1 of
the candidate solution are replaced with On−1, . . . , O1, and the
running times of On−1, . . . , O2 increase.

V. PERFORMANCE EVALUATION

The Approximate Method is compared with the previous
method [14], [15]. The previous method assigns the same
operation mode to the whole processing parts regardless of their
execution probability, while the Approximate Method assigns a
higher utility mode to the processing parts being executed with
a higher probability. For the evaluation metric, we define Utility
Increment as

CUo − CUp

CUp
× 100

Fig. 5. Utility and energy consumption rate of measured data and selected
data in (a) MPEG streaming and (b) Pioneer robot.

where CUo and CUp are the cumulative utility provided by our
method and the previous method, respectively. This is the ratio
of the additional utility created by our method to the output uti-
lity of the previous method. We also define Feasible Energy as

Emax − El

Eh − El

where El(=
∑M

m=1R
m
1 · Wm) and Eh(=

∑M
m=1R

m
Nm · Wm)

are the minimum energy required to execute all tasks for the
worst-case time in the lowest and highest operation mode,
respectively. When the number of tasks or the energy difference
between O1 and ON is large, the majority of full battery energy
belongs to the range [El, Eh] because the worst execution time
is usually set to a sufficiently large value. Here, we do not con-
sider the overhead required to change operation modes, because
the previous study [14] showed that the overhead is negligible.

A. Models of Operation Modes and Varying Execution Times

To model a set of energy-aware operation modes, we draw
the data from the operation modes of the MPEG-4 FGS stream-
ing [2] and the Pioneer 3DX robot [9]. The video quality
of the MPEG streaming in the optimized communication and
the straight moving speed of the robot without load are used
for their corresponding utility. Fig. 5 shows the relationship
between their utility values and their energy consumption rates.
Their utility values are almost linearly proportional to the
energy consumption rates of the 802.11b WLAN card and the
robot’s motors as follows, respectively.

1) Energy rate of WLAN card (in millijoules per second) =
0.35 × Peak Signal-to-Noise Ratio (PSNR) of MPEG
streaming (in decibels).

2) Energy rate of robot’s motors (in millijoules per second)=
7.4 × Moving Speed (millimeters persecond) + 290.

It is clear that the upper bound of Utility Increment is (UN −
U1)/U1. To avoid implicit side-effects of a low upper bound of
Utility Increment, we select three data from the measured six
data of the MPEG streaming and generate two data on the basis
of the aforementioned linear increment, as shown in Fig. 5(a),
while we simply select four data from the measured 16 data of
the robot, as shown in Fig. 5(b).

To examine the impact of different distributions of task
execution times, we use the data obtained from both real-life
multimedia tasks and synthetically generated tasks. The execu-
tion times of multimedia tasks are drawn from the running time
distribution of two sets of YouTube video clips (10K clips per
set) [34] shown in Fig. 6(a), and the playing time distribution of
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Fig. 6. Probability distribution of (a) the running times of YouTube clips and
(b) the playing times of Major League Baseball games.

Fig. 7. Cumulative utility in (a) YouTube clips and (b) baseball games.

2006 and 2007 New York Yankees baseball games [35] shown
in Fig. 6(b). The longest running time of the clips in set 1,
3580 s, is used for the worst time. In the case of baseball games,
the longest playing time in 2006 is 330 min.

The execution times of synthetic tasks are generated between
1 and 1000 with normal, exponential, and uniform distributions.
The worst execution time of all synthetic tasks is set to 1000.
Those exceeding the worst time are truncated from the worst
time. The mean value of the three distributions is initially
given as 50% of the worst time. The standard deviation of the
normal distribution is given as 10% of the mean value. In the
performance evaluation, we run 1 000 000 synthetic tasks to
obtain the steady mean utility of tasks having widely varying
execution times, and display their averages.

B. Results of a Single Multimedia Task

Fig. 7 shows the total utility of the multimedia tasks, i.e.,
cumulative PSNR obtained for the whole MPEG-4 streaming
session, with the five operation modes in Fig. 5(a). In the
Approximate Method, the Error Bound ε is given as 0.05 (5%).
Fig. 7(a) and (b) shows the averages of the cumulative PSNR
in 10 000 runs for the clips of set 2, and in 162 runs for the
2007 baseball games, respectively. The cumulative utility of
the Approximate Method in Fig. 7(a) increases more rapidly,
compared with that in Fig. 7(b). This is mainly due to the
relatively smaller mean of Fig. 6(a), where the Approximate
Method executes earlier processing parts with a higher utility
operation mode. In contrast, the increase patterns of the previ-
ous method in Fig. 7(a) and (b) are almost identical.

Fig. 8 shows Utility Increment of the Approximate Method
and the difference from Utility Increment of the Optimal Sched-
ule, denoted as “Error.” The Approximate Method provides
the largest Utility Increment 149% when ‘Feasible Energy’ =
20% in Fig. 8(a), and 68% when “Feasible Energy” ‘Feasible
Energy’ = 45% in Fig. 8(b). Utility Increments in Fig. 8(a) are
relatively larger than those in Fig. 8(b). When the mean of pro-

Fig. 8. Utility increments in (a) YouTube clips and (b) baseball games.

TABLE I
NUMBER OF CANDIDATE SOLUTIONS

babilistic execution time is smaller, the Approximate Method
achieves better Utility Increment because it assigns a higher
utility operation to the front processing parts and a lower utility
operation to the rear processing parts than the previous method.
In this figure, the Error values are smaller than 5% of Utility
Increments in all cases. The Error value becomes almost zero
when “Feasible Energy” ≥ 20% in Fig. 8(a) and when “Feasible
Energy” ≥ 65% in Fig. 8(b). This is because the output utility
approaches the upper bound of achievable utility when “Fea-
sible Energy” ≥ 20% in Fig. 7(a), due to its relatively smaller
mean execution time. The output utility approaches the upper
bound when “Feasible Energy” ≥ 65% in Fig. 7(b), due to its
relatively larger mean execution time.

Table I shows the number of candidate solutions prepared
by the Approximate Method at compile time, when ε = 3%,
ε = 5%, ε = 10%, ε = 20%, and ε = 30%. As Error Bound
decreases, the number of candidate solutions increases. The
number of solutions for YouTube clips is relatively larger than
that for baseball games. The number of solutions using all five
operation modes for YouTube clips is much larger than that
for baseball games, while the number of solutions using four
or fewer operation modes for YouTube clips is equal to or
slightly smaller than that for baseball games. This is because the
energy difference between the two adjacent solutions CS5 and
CS6 generated by the Coarse-grain Partitioning procedure for
YouTube clips is larger than that for baseball games. The energy
consumption of CS5 for YouTube clips is about 7% of Fea-
sible Energy, while that for baseball games is about 24% of
Feasible Energy. The energy consumption of CS6 is 100% of
Feasible Energy in both cases.

To explore the effect of different utility settings, we vary
the number of available operation modes. Fig. 9(a) and (b)
shows the results of the YouTube clips when using six oper-
ation modes with an additional operation mode O6 = [R6 =
502, U6 = 150] and when using four operation modes with-
out O5, respectively. Comparing these results with those of
Fig. 8(a) confirms that the proposed method achieves better
Utility Increment when the largest utility difference between
available operation modes, i.e., UN/U1, increases. This is be-
cause the Approximate Method assigns the highest utility mode
to the front processing parts and the lowest utility mode to the
rear processing parts. The best values of Utility Increment in
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Fig. 9. Utility increment for (a) six operation modes with additional O6 =
[R6 = 502, U6 = 150] and (b) four operation modes without O5.

Fig. 10. (a) Utility increment and (b) error ratio of the approximate method
with respect to the worst-case value.

Figs. 8(a), 9(a) and (b) are 149%, 284%, and 95%, respectively,
which are approximately 50% of UN/U1.

To examine the impact of different worst-case settings, we
vary the worst time of the YouTube clips. Fig. 10(a) shows
Utility Increment when the worst execution time is 500, 1000,
2000, or 3580. The execution times exceeding the worst time
are truncated from the worst time. As the worst time decreases,
the mean execution time of the YouTube clips approaches the
worst time. The Approximate Method achieves better utility
enhancement when the mean execution time is smaller, for the
same reason shown in Fig. 8. Fig. 10(b) shows Error Ratio of
the Approximate Method when Error Bound = 5%. Error Ratio
decreases as the worst time increases, because Utility Increment
of the longer worst time is larger, as shown in Fig. 10(a),
while the difference to the maximum utility is almost the same
regardless of the worst time. The values of Error Ratio on low
Feasible Energy are relatively larger than those on high Feasible
Energy. This is because the probability Pt increases rapidly
on low Feasible Energy but rarely on high Feasible Energy,
as shown in Fig. 7(a). The larger worst time expedites the
profitable capability to support the completion of a very long
execution case exceeding the estimated maximum time. Note
that, if the worst execution time is set to a small value, the risk
of terminating an unexpectedly long execution before comple-
tion due to energy depletion is increased. Therefore, we expect
the worst execution time to be sufficiently large, in which case
our scheme is more likely to attain better performance.

C. Results of Two Synthetic Tasks

In this section, we examine the performance when two tasks
are running concurrently. The first task is executed over the five
operation modes of Fig. 5(a) and the second task is executed
over the four operation modes of Fig. 5(b). The tasks are gener-
ated with a normal, exponential, or uniform distribution. When
one task completes its execution earlier than the other task, the
remaining energy of the completed task is utilized for higher

Fig. 11. Utility increments versus partition ratio of feasible energy when
generating a task with (a) normal distribution and (b) exponential distribution.

Fig. 12. Utility increments with respect to various means when generating
tasks with (a) accurate and (b) inaccurate probability estimation.

utility operation of the other task from the completion point.
Because the previous method [14], [15] has no mechanism for
distributing available energy to multiple tasks, we manually
distribute the available energy to the two tasks in implemen-
tation of the previous method. Recall that the Approximate
Method systematically determines the distribution ratio of the
available energy. The output utility of the Approximate Method
is identical for a given amount of available energy, while that
of the previous method changes according to the decision about
how to distribute the available energy to the two tasks.

Fig. 11 shows the total Utility Increment of the two tasks,
where “Partition Ratio” denotes the ratio of the energy amount
used by the first task to the total energy in the previous
method. The first task is generated with a normal distribution
in Fig. 11(a) and an exponential distribution in Fig. 11(b). The
second task is generated with a uniform distribution in both
Fig. 11(a) and (b). Their mean execution times are the half of
their worst execution times. The execution times used to calcu-
late Pt are generated with the same distribution for each task. It
is interesting that the best case of Partition Ratio in the previous
method changes according to the Feasible Energy. This is be-
cause available operation modes are discrete and have different
ratios of their utility values to their energy consumptions. In
this experiment, the Error Bound of the Approximate Method is
given as 5% and the Error Ratio is smaller than 5% in all cases.

Fig. 12 shows the results when the two tasks have various
mean execution times, denoted as the ratio of the worst exe-
cution time. In this experiment, the first task is generated with
a normal distribution and the second task is generated with an
exponential distribution. In the previous method, the available
energy is evenly distributed to the two tasks. In Fig. 12(a),
the execution times of past tasks used to calculate Pt have the
same mean as those of running tasks. The Approximate Method
achieves a higher Utility Increment when the mean execution
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time is smaller, because it assigns a higher utility operation
to the front processing parts and a lower utility operation
to the rear processing parts than the previous method. When
Feasible Energy = 70% or 90%, the benefit of the Approximate
Method is diminished because the previous method also assigns
a higher utility operation if there is more available energy.

To examine the robustness of the Approximate Method with
respect to inaccurate estimation of the probabilistic execution
time, we fix the mean execution time of past tasks to 50% of the
worst time and vary the mean execution time of running tasks
in Fig. 12(b). Comparing the results of Fig. 12(a) with those of
Fig. 12(b), the difference of their Utility Increments increases
as the difference of their means increases. The Approximate
Method achieves a larger utility when it is constructed with a
more exact probabilistic execution time. When the mean exe-
cution time of running tasks is smaller than 50% and Feasible
Energy is equal to 70% or 90%, Utility Increments in Fig. 12(a)
and (b) are almost the same. If there is large amount of available
energy, the front processing parts are rarely sensitive to the
accuracy of probabilistic execution time, because the Approxi-
mate Method always assigns the highest utility operation mode
to the front parts when there is large amount of energy.

VI. RELATED WORK

Some studies [14]–[17] have considered the performance
degradation as a means to maintain the battery operation for a
specified critical duration. Graceful degradation [14], [15], [17]
or stopping unimportant tasks [16] when the available energy is
low can allow critical tasks to run for the specified duration.
Lee et al. [36], [37] addressed the problem of maximizing
the output utilities of multiple tasks executed under resource
constraints, where a utility consists of multidimensional val-
ues. They showed that this problem is NP-hard, and proposed
polynomial-time iterative algorithms to find a suboptimal solu-
tion. Recent studies [38], [39] addressed the problem of max-
imizing the output utility of a real-time task while satisfying
energy and real-time constraints. Unfortunately, however, all
of these studies only considered the energy management of
tasks with their fixed execution time, i.e., the worst execution
time, without considering a wide range of task execution times.
Moreover, the proportion of energy distributed to multiple tasks
is determined manually, due to the absence of a systematic
distribution mechanism of available energy.

More recent studies [40], [41] addressed a similar approach
that maximizes the output utility of extra computation obtained
by dynamically exploiting the slack energy resulting from the
variation of execution times. This method uses the slack energy
of preceding tasks, completed earlier than their schedules,
for additional computation of succeeding tasks over infinitely
continuous operation modes. Our approach contrasts with the
work in two aspects: it can work during the execution of
concurrent tasks, and it considers discrete operation modes
more realistically. The study for imprecise computation model
[42] differs from this paper, in that it dynamically exploits
reclaimed resources, left after simply completing all mandatory
tasks, for optional tasks, whereas our method stochastically
exploits given resources only for mandatory tasks.

Some studies of real-time scheduling [10], [11], [18]–[21]
have utilized a probability distribution of task execution times
for the minimal energy consumption of CPU processing in
the DVFS framework. These methods might be applicable to
the problem tackled in this paper with some modifications:
replacing the deadline constraint with the energy constraint,
and replacing the energy minimization of CPU with the utility
maximization of a task. However, these methods suffer from
four drawbacks: infinitely continuous operation modes [10],
[11], [18], [21], an enforced relationship between the execution
speed and energy consumption of operation modes [10], [11],
[18], [21], consideration of only a single task [10], [11], [18]–
[20], and heavy computational overhead [19], [20]. Contrarily,
our online method yields a near optimal and adjustable solution
for multiple tasks with little runtime overhead over finitely
discrete operation modes providing different utilities per unit
energy consumption.

Finally, our previous work [32] maximizes the cumulative
mean utility of a single task over continuous operation modes
with an enforced relationship between utility U and energy
consumption rate R, i.e., U = (R)α for any 0 < R and 0 < α.

VII. CONCLUSION

For mobile wireless systems relying on limited energy
budgets, we propose an optimal offline scheduling scheme
which stochastically maximizes the cumulative utility of
multiple tasks with probabilistic execution times. In order to
diminish the heavy computational overhead of the optimal
offline scheme, we also propose an approximate online scheme
which operates with little runtime overhead and provides almost
the maximum utility. Extensive evaluation shows that the utility
values of the optimal offline scheme and the approximate online
scheme are very similar in most cases, and the online scheme
provides much higher utility than the previous methods. The
proposed schemes can be applied to other problems that need
to maximize the cumulative utility of multiple tasks with prob-
abilistic execution times subject to a single resource constraint.
An example problem is maximization of the cumulative com-
munication quality of a voice call with a limited prepayment
deposit, where the charge per unit time depends on the commu-
nication quality and voice calls have a wide range of communi-
cation times. In future work, we will investigate the scheduling
scheme that changes the operation modes of dependent devices
affected by the operation modes of other devices.

APPENDIX

Lemma 1: The Optimal Schedule excludes the opera-
tion mode Oy such that (Uy − Ux)/(Ry − Rx) < (Uz − Uy)/
(Rz − Ry) for any Rx < Ry < Rz (and Ux < Uy < Uz).

Proof: Let us assume that the Optimal Schedule uses the
operation mode Oy from time t1 to time t2 for any 0 ≤ t1 <
t2 ≤ W . When τ = (t1 + ((Ry − Rx) · (t2 − t1))/(Rz −
Rx)) such that t1 < τ < t2, we can generate another schedule
by replacing Oy with Oz from time t1 to time τ and replacing
Oy with Ox from time τ to time t2. Then

(t2 − t1) · Ry = (τ − t1) · Rz + (t2 − τ) · Rx
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which means that the generated schedule consumes the same
amount of energy with the Optimal Schedule. If (Uy −
Ux)/(Ry − Rx) < (Uz − Uy)/(Rz − Ry), then

(τ − t1) · Uy + (t2 − τ) · Uy < (τ − t1) · Uz + (t2 − τ) · Ux

and thus

τ∫
t1

Uy · Ptdt +

t2∫
τ

Uy · Ptdt <

τ∫
t1

Uz · Ptdt +

t2∫
τ

Ux · Ptdt

where Pt1 ≥ Pt2 for t1 < t2, i.e., the generated schedule pro-
vides more utility than the Optimal Schedule. This is a contra-
diction on the definition of the Optimal Schedule. Hence, the
Optimal Schedule excludes the operation mode Oy . �

Lemma 2: In an Optimal Schedule, Fu(SOt1) ≥ Fu(SOt2)
and Fr(SOt1) ≥ Fr(SOt2) for any 0 < t1 < t2 ≤ W .

Proof: When Ox = SOt1 and Oy = SOt2 for any 0 <
t1 < t2 ≤ W , let us assume that Rx < Ry and Ux < Uy in the
Optimal Schedule. We can generate another schedule to assign
Ox to the time t2 and Oy to the time t1. By the definition
of Pt in Section II-B, Pt1 ≥ Pt2 for t1 < t2. If Pt1 > Pt2 ,
the generated schedule provides more utility than the assumed
Optimal Schedule with the same energy consumption. This
is a contradiction on the definition of the Optimal Sched-
ule. If Pt1 = Pt2 , the generated schedule is another Optimal
Schedule because it provides the same utility and consumes
the same energy with the assumed Optimal Schedule. Hence,
Fu(SOt1) ≥ Fu(SOt2) and Fr(SOt1) ≥ Fr(SOt2) for any
0 < t1 < t2 ≤ W in an Optimal Schedule. �

Theorem 1: The values of πns in an Optimal Schedule obey
the following relationship:

Pπx
· Ux − Ux−1

Rx − Rx−1
= Pπy

· Uy − Uy−1

Ry − Ry−1

for 2 ≤ x < y ≤ N such that W ≥ πx > πy > 0.
Proof: Let us apply the Lagrange Multiplier Method [33]

to (3) in Section III-A. When

L(πN , . . . , π2, λ)

=
N∑

n=2

(Un − Un−1) ·
πn∫
0

Ptdt + U1 ·
W∫
0

Ptdt + λ

·
{

Emax −
(

N∑
n=2

(Rn − Rn−1) · πn + R1 · W
)}

∂L

∂λ
= Emax −

(
N∑

n=2

(Rn − Rn−1) · πn + R1 · W
)

= 0

∂L

∂πn
=

(Un − Un−1) ·
∫ πn

0 Ptdt

∂πn
− λ · (Rn − Rn−1)

= 0 for 2 ≤ n ≤ N.

Then∫ πn

0 Pt dt

∂πN
= PπN

= λ · Rn − Rn−1

Uk − Un−1
, for 2 ≤ n ≤ N

and thus the value of Pπn
is strictly proportional to the value

of (Rn − Rn−1)/(Un − Un−1). Hence, Pπx
· (Ux − Ux−1)/

(Rx − Rx−1) = Pπy
· (Uy − Uy−1)/(Ry − Ry−1) for any 2 ≤

x < y ≤ N . �
Lemma 3: The utility of the Optimal Schedule constructs a

concavely increasing function with the input of Emax.
Proof: The transition time πn of On increases with in-

creasing Emax, because Pπn
· (Un − Un−1)/(Rn − Rn−1) =

Pπn−1 · (Un−1 − Un−2)/(Rn−1 − Rn−2) for each n by Theo-

rem 1 and Emax = (
∑N

n=2(Rn − Rn−1) · πn + R1 · W ). Let
πa

n and πb
n denote the transition times of On in the Optimal

Schedule when using the energy of Emax and the energy of
(Emax + ΔE) for arbitrary ΔE > 0, respectively. The utility
increment gained with the additional energy ΔE in the Optimal
Schedule is

N∑
n=2

(UN − Un−1) ·
πb

N∫
πa

N

Ptdt (5)

where ΔE =
∑N

n=2(Rn − Rn−1) · (πb
n − πa

n). Because Pt1 ≥
Pt2 for t1 < t2 and the value of πn increases with increasing

Emax for each n, the value ratio of
∫ πb

n

πa
n

Ptdt to (πb
n − πa

n)
decreases with increasing Emax for each n. Accordingly, the
value ratio of (5) to ΔE decreases with increasing Emax. This
means that the utility of the Optimal Schedule constructs a
concavely increasing function with the input of Emax. �

Lemma 4: When M = 1, the mean Error Ratio is smaller
than the Error Bound.

Proof: When ek ≤ Emax < ek+1, the Approximate
Method provides the utility of Ψapp = ψk and the Optimal
Schedule provides the utility of Ψopt such that ψk ≤ Ψopt <
ψk+1. Then

Ψopt − Ψapp

Ψopt
<

ψk+1 − ψk

Ψopt
<

ψk+1 − ψk

ψk
.

Because the value of ψk constructs a concavely increasing func-
tion with the input of ek by Lemma 3, ψk/ek ≥ ψk+1/ek+1 and
thus ψk/ψk+1 ≥ ek/ek+1. Then

ψk+1 − ψk

ψk
≤ ek+1 − ek

ek
≤ ε. (6)

Hence, the mean Error Ratio (Ψopt − Ψapp)/Ψopt is smaller
than the Error Bound ε. �

Theorem 2: The mean Error Ratio is smaller than the Error
Bound for any M ≥ 1.

Proof: Lemma 4 shows that the mean Error Ratio of the
Approximate Method is smaller than ε when M = 1. Consider
the case when M ≥ 2. We use the following notations for
simplicity.
Ei

opt and Ei
app Values of Ei assigned to the ith task by

the Optimal Schedule and the Approximate
Method, respectively.
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Fig. 13. Relationship among the values of ωi
si , φi

si+1
, and ωi

si+1
.

Ψi
opt and Ψi

app Utility values gained from the ith task in
the Optimal Schedule and the Approximate
Method, respectively.

ωi
opt Instant derivative of Ψi

opt with regard to the
value of Ei

opt.
ωi

si Instant derivative of Ψi
app with regard to

the value of Ei
app, when the Approximate

Method finally selects the sth solution pre-
computed for the ith task.

Then, Emax =
∑M

i=1E
i
opt, Emax≥

∑M
i=1E

i
app, Ψopt =∑M

i=1Ψ
i
opt, and Ψ =

∑M
i=1 Ψi

app. In addition, Ei
opt ≥ Ei

app for
each i, because the Optimal Schedule assigns additional
energy to the task having the highest derivative until
Emax =

∑M
i=1 Ei

opt.
Lemma 3 shows that ωi

opt decreases as Ei
opt increases for

each i. Then, ωi
si ≥ ωi

opt ≥ ωi
si+1 for each i, where si denotes

the index of the precomputed solution finally selected by the
Approximate Method for the ith task. When φi

k denotes the
utility increment ratio of the kth solution precomputed for
the ith task against the energy increment (as described in
Section IV-A)

ωi
si ≥ φi

si+1 ≥ ωi
si+1, for each i

such as shown in Fig. 13. Because the Approximate Method
preferentially selects the precomputed solution having the
largest value of φi

ωi
si ≥ max

1≤j≤M

{
φj

sj+1

}
≥ max

1≤j≤M

{
ωj

sj+1

}
, for each i.

When ψi
k denotes the output utility of the kth solution precom-

puted for the ith task (as described in Section IV-A)

Ψi
opt < ψi

si+1 and (Ψopt − Ψapp) <

M∑
i=1

(
ψi

si+1 − ψi
si

)
.

Then

Ψopt − Ψapp

Ψopt
≤ Ψopt − Ψapp

Ψapp
<

∑M
i=1

(
Ψi

opt − Ψi
app

)
∑M

i=1 Ψi
app

.

Because (ψi
si+1 − ψi

si)/ψi
si ≤ ε by (6) in Lemma 4∑M

i=1

(
Ψi

opt − Ψi
app

)
∑M

i=1 Ψi
app

≤ ε.

Consequently, (Ψopt − Ψapp)/Ψopt < ε for any M ≥ 1. �
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